The effect of compressibility on two-dimensional barotropic and baroclinic growth rates is examined by means of a linearized nonhydrostatic compressible model. It is shown that the growth rates are diminished when compressibility is included because perturbation internal energy resents a sink of basic-state kinetic energy when work is done to compress the medium. Nonlinear simulations provided by compressible and incompressible versions of the ZETA model show that the solutions are nearly identical, but the compressible solution develops more slowly than the incompressible one, consistent with the linear analysis.
Introduction
Numerical models of geophysical flows characterized by large horizontal scales traditionally employ the hydrostatic approximation. This approximation removes vertically propagating acoustic waves, although care must be taken to properly account for Lamb waves. For flows of small horizontal scale such as convection, compressible nonhydrostatic models are becoming more popular (e.g., Chen 1991; Held et al. 1993 ) because they can be integrated nearly as efficiently as filtered models (e.g., using the anelastic system) without any of the physical assumptions or computational complexity often associated with them. Further efficiency can be achieved in these compressible models by explicitly decreasing the phase speed of the acoustic wave, thereby allowing a larger time step. This assumes that the acoustic modes are unimportant in determining the principal flow characteristics.
The purpose of this paper is to examine the effects of compressibility on flows of intermediate horizontal scale or flows that possess multiple scales, such as a developing baroclinic wave with an imbedded front. In these types of flows it is often desirable to capture nonhydrostatic effects while retaining the efficiency and accuracy of a fully compressible model. Here, barotropic and baroclinic instability in a fully compressible atmosphere will be examined. It will be shown that the growth rates can be quite sensitive to the degree of compressibility, as measured by the ratio of the length scale to a deformation radius based on the acoustic phase speed. One consequence of this sensitivity is that the full value of the sound speed must be used to accurately simulate these flows.
The nonhydrostatic compressible linear system is developed and nondimensionalized in section 2. Barotropic and baroclinic linear growth rates are derived in sections 3 and 4, respectively, and fully nonlinear simulations of these instabilities with a new nonhydrostatic compressible version of the ZETA model (Orlanski and Gross 1994) are presented in section 5. A summary and conclusions are provided in section 6.
Linear growth rates
The compressible nonhydrostatic equations for adiabatic inviscid motion on a ␤ plane are
4) dt
where v H and w are the horizontal and vertical velocities respectively, is the potential temperature, the pressure variable is P ϵ the Coriolis parameter is f
c s speed squared at temperature T. Gravitational acceleration, the gas constant, and the specific heats are denoted by their usual symbols. Linearizing about a zonal flow ū(y, z) in geostrophic balance, given by ‫ץ‬f ū ϭ Ϫ P, (2.5) ‫ץ‬y and hydrostatic balance, given by
where bЈ ϭ gЈ/ is the bouyancy and
(2.12) ‫ץ‬t ‫ץ‬x
Overbars denote the basic-state and primes denote deviations from this state. Thermal wind balance has been used in (2.11) to express the basic-state potential temperature gradient in terms of ū (y, z) . Introducing the scales L and H for the horizontal and vertical independent variables and (ū, , wЈ, PЈ, bЈ) 
for the dependent variables allows the nondimensional equations to be written as
FRoDbЈ ϭ Ϫ wЈ ϩ Ro(F ū Ϫ F ū) fЈ, (2.17) The last terms on the right-hand sides of (2.14) and (2.17) represent buoyancy oscillations in the meridional direction due to sloping basic-state isentropes. The restoring force is associated with the meridional pressure gradient. These terms are neglected in the Boussinesq and anelastic approximations and can be neglected with the present scaling if Ro K 1, which will be assumed 2 F E here. With this assumption, the set of nondimensional equations to be considered is
These equations will be used to examine the growth rates of barotropic and baroclinic instability, with a focus on how the growth rates depend on the parameter F c .
Barotropic modes
Consider an isentropic barotropic current ū(y) at potential temperature 0 bounded by rigid walls and a rigid lid. Adiabatic barotropic perturbations to this current are governed by
with wЈ and Ј identically zero. The vertically averaged nondimensional sound speed is c s , and the pressure variable is Ј ϭ 0 PЈ. The equation set (3.1)-(3.3) is isomorphic to the linearized shallow water equations in a rotating reference frame, with F E replaced by F c and the surface wave phase speed replaced by the speed of sound. Assuming solutions of the form
allows the derivation of a single equation for V:
where the Mach number M ϵ U/c 0 ϭ RoF c has been introduced and the Rossby number is based on the characteristic shear in the basic flow. The incompressible equation is recovered in the limit F c → 0 (and Ro finite):
This equation also describes quasigeostrophic barotropic instability on a ␤ plane (see, e.g., Gill 1982, section 13.6). The nonrotating compressible equation (Blumen 1970 ) is recovered in the limit (F c , ␤) → 0 (but with M finite):
The compressible quasigeostrophic equation is recovered in the limit Ro → 0:
The last equation is similar to that of the quasigeostrophic shallow water system investigated by Stern (1961) and Lipps (1963) with F E replaced by F c , and can be reduced to that in the divergent barotropic model examined by Wiin-Nielsen (1961) with F I replaced by F c . The y variation of included here is analogous to 2 c s the y variation of the basic-state depth in the shallow water system.
Lipps's analysis of the shallow water equations showed that growth rates of unstable barotropic modes decrease as F E increased from 0, that is, as the length scale of the motion approaches the external deformation radius gH/f 0 . In this regime, surface displacements ͙ and the contribution of vortex tube stretching (associated with horizontal convergence) to the shallow water potential vorticity dynamics are important (Pedlosky 1987) . Work is done against gravity to raise the free surface, thereby increasing perturbation potential energy and diminishing the growth rate of barotropic instability (Stern 1961) . Conversely, as F E becomes small, the contribution of surface displacements to the potential vorticity diminishes. When F E ϭ 0, a rigid lid is effectively in place, there is no perturbation potential energy or horizontal divergence, and the flow behaves as if it were incompressible.
Compressibility introduces a finite external deformation radius c 0 /f 0 , which is the distance an acoustic signal travels in one inertial period. In direct analogy to shallow water flow, barotropic growth rates will diminish as F c increases with compressibility. In this case, the work done against the elastic force during compression is given by ϪЈ١•( vЈ) and represents the sole source of perturbation internal energy and a sink of perturbation kinetic energy when convergence and pressure perturbations are positively correlated. Clearly, this correlation must hold in an unstable normal mode since the internal energy will grow exponentially. Because it is the perturbation momentum flux that drives the conversion from basic state to perturbation kinetic energy, the growth will be slower with this kinetic energy sink. Both compressibility in the present case and free-surface displacements in the shallow water case represent increases of total perturbation available potential energy produced by conversion of basic-state kinetic energy in the barotropic flow (Blumen 1970) , and in both cases the ratio of the perturbation available potential energy to the perturbation kinetic energy is provided by the corresponding value of F 2 . Growth rates of the most unstable subsonic barotropic modes in a bounded linear shear layer are shown as a function of Ro and F c in Fig. 1 . The basic flow is shown in Fig. 4 .4c of Drazin and Reid (1981) , and the shear layer used here is 1/6 as wide as the channel. All growth rates correspond to a wavelength of 7680 km, the most unstable mode in the incompressible problem. The incompressible growth rates (F c ϭ 0) are calculated analytically with Eq. (23.8) in Drazin and Reid. The compressible growth rates (F c Ͼ 0) are derived from the eigenvalues of the linear operator formed by the discretization in space and time of (3.1)-(3.4). The discretization is identical to that used in the full nonlinear model described in the appendix.
For small values of F c , the growth rates increase approximately linearly with Ro, reflecting the linear dependence of the incompressible growth rates on the magnitude of the basic state shear [Gill 1982, Eq. (13.6.11)] . Growth rates decrease as F c increases, according to the above discussion. For example, at Ro ϭ 0.1, the growth rate decreases by about 60% as F c in- creases from 0 to 1. This decrease is more rapid when the Rossby number is large, and Blumen (1970) has calculated zero growth rates at M ϭ 1 for the hyperbolic tangent velocity profile in nonrotating compressible flow.
Baroclinic modes
Two-dimensional perturbations to an isothermal geostrophic flow ū (z) ϭ ⌳z on an f plane bounded by a rigid lid at height H satisfy
where Ј ϭ PЈ. The scaling of Nakamura (1988) has been adopted so that 
In the hydrostatic,
F c (4.7) reduces to Eq. (19) of Nakamura (1988) .
Growth rates for a range of Ro and F c are shown in Fig. 2 . The values for F c ϭ 0 in the range 0 Յ Ro Յ 0.26 correspond to those shown in Fig. 1a of Nakamura (1988) . The values for F c Ͼ 0 are derived from the eigenvalues of the linear operator formed by the discretization of (4.1)-(4.6). For the range of Ro shown in Fig. 2 , growth rates of baroclinic modes decrease as a consequence of compressibility for the reasons discussed in the previous section on barotropic modes. However, baroclinic instability in the earth's atmosphere is relatively insensitive to compressibility; typical atmospheric values of the sound speed and deformation radius for baroclinic modes yield F c ϭ 0.32 and the growth rate for Ro ϭ 0.1 decreases only by about 5% from its incompressible value.
VOLUME 54 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S FIG. 3. Vorticity (top, contoured every 1 ϫ 10
Ϫ5 s Ϫ1 ) and perturbation pressure PЈ (bottom, contoured every 0.5 J kg Ϫ1 -K Ϫ1 ) for the compressible barotropic solution after five days of integration (left) and incompressible solution after four days of integration (right). Dashed contours indicate negative values and the bold contour corresponds to zero. The channel has a zonal length of 7680 km wide and is 6000 km wide. The horizontal resolution is 60 km, and the temporal resolution is 60 s in the compressible solution and 180 s in the incompressible one. The zonal average of PЈ has been subtracted from the bottom panels.
Nonlinear simulations
The effects of compressibility on the growth rates of unstable barotropic and baroclinic modes are evident in fully nonlinear simulations of these instabilities when compared to their incompressible counterparts. Such simulations were performed with a new nonhydrostatic compressible version of the ZETA model (Orlanski and Gross 1994) and compared with the solutions provided by the original Boussinesq version of the ZETA model. Unique features of the new model include the use of the terrain-following vertical coordinate Z (Orlanski and Gross 1994) and the retention of all terms in the continuity equation. A complete description of the model is provided in the appendix.
The compressible and incompressible barotropic solutions on an f plane, shown in Fig. 3 , are quite similar in the distribution and amplitude of the perturbation pressure and vorticity fields. However, the compressible solution, corresponding to (Ro, F c ) ϭ (0.1, 0.4) is shown after five days of integration, while the incompressible solution is shown after only four days. This clearly shows that the effects of the slower growth rate are felt well into the nonlinear regime. The difference in integration times is consistent with the difference in growth rates of about 25%. All other features of the barotropic roll-up seem well represented in the compressible solution; its development is simply slower than the incompressible one.
Compressible and incompressible simulations of a three-dimensional baroclinic wave on a cosine jet are shown in Fig. 4 . The wavelength is 4600 km and the Brunt-Väisälä frequency is N ϭ 1.15 ϫ 10 Ϫ2 s Ϫ1 , corresponding closely to the most unstable two-dimensional baroclinic mode discussed by Nakamura (1988) . ) for the compressible baroclinic wave after six days of integration (left) and incompressible wave after five days of integration (right). Dashed contours indicate negative values and the bold contour corresponds to zero. The channel has a zonal length of 9200 km wide and is 6100 km wide. The horizontal resolution is 48 km, and the temporal resolution is 60 s in the compressible solution and 300 s in the incompressible one. The zonal average of PЈ has been subtracted from the bottom panels.
solutions. Here, the compressible model has been integrated for six days and corresponds to (Ro, F c ) ϭ (0.27, 0.94), and the incompressible solution has been integrated for five days; two-dimensional growth rates for these parameter values differ by about 20% according to Fig. 2 . As in the barotropic integration, the development of the compressible baroclinic solution is simply slower than the incompressible one.
Conclusions
Linear growth rates have been calculated for barotropic and two-dimensional baroclinic instability in a compressible atmosphere. Compressibility introduces a deformation radius based on the acoustic phase speed, and the effects of compressibility depend on the ratio of length scales F c ϭ f 0 L/c 0 . Growth rates decrease with compressibility because the work done by compression represents a source of perturbation internal energy and a sink of perturbation kinetic energy, which have a ratio of in the unstable linear modes. The diminished 2 F c growth rates are also evident in fully nonlinear simulations of these instabilities with a new nonhydrostatic compressible mesoscale model. One consequence of this sensitivity to compressibility is that numerical models that increase efficiency by explicitly decreasing the sound speed may provide artificially slow baroclinic and barotropic growth by indirectly increasing the compressibility of the medium. According to the analysis presented above, however, this detrimental effect will diminish as the scale of the relevant feature decreases relative to the deformation radius.
